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Abstract
A graph G is called K1,n-free if G has no induced subgraph isomorphic to K1,n. Let n, a, b be integers with n3, a1, and
aba(n − 2) + 1. We prove that every connected K1,n-free graph G has a connected [a, b + n − b/a]-factor if G contains
an [a, b]-factor. This result is sharp in the sense that there exists a connected K1,n-free graph which has an [a, b]-factor but no
connected [a, b + n − b/a − 1]-factor for ba(n − 2) + 1.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
We begin with deﬁnitions and notation. In this paper, we only consider ﬁnite undirected graphs without loops or
multiple edges. Let G be a graph. We denote by V (G) and E(G) the set of vertices and the set of edges, respectively.
For x ∈ V (G), we denote the degree of x in G by degG(x), the set of vertices adjacent to x in G by NG(x). For a set
V ⊆ V (G), we denote by 〈V 〉G the subgraph of G induced by V. Let S and T be disjoint subgraphs of G. We denote
the set of edges joining S and T in G by EG(S, T ). We denote by (G) the number of components of G. The number
of vertices in a maximum vertex independent set of G is denoted by (G). Let a and b (ab) be integers. A spanning
subgraph F of G is called an [a, b]-factor if adegF (v)b for all v ∈ V (G). An [a, b]-factor F of G is said to be a
connected factor if F is connected.
A graph G is called K1,n-free if G has no induced subgraph isomorphic to K1,n. The other terminology and notation
may be found in [1].
Recently many connected factor problems have been studied by various authors. In this paper, we consider a problem
to construct a connected factor by using a non-connected factor in K1,n-free graphs.
Here we note the following result as considering similar problem.
Theorem A (Xu et al. [3]). Let G be a connected K1,n-free graph (n3), f and g be positive integer-valued functions
deﬁned onV (G)with g(v)f (v) for all v ∈ V (G). If G contains a (g, f )-factor, thenGhas a connected (g, f +n−1)-
factor.
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This result is sharp in the sense that there exists a connected K1,n-free graph which has a (g, f )-factor and no
connected (g, f + n− 2)-factor for all pairs of positive integer-valued functions g and f with g = f . But for g>f , we
see that a connected K1,n-free graph containing a (g, f )-factor has a connected (g, f )-factor.
Theorem B (Tokuda [2]). Let n, a, b be integers with n3, a1, and ba(n−2)+2, andG be a connectedK1,n-free
graph. If G contains an [a, b]-factor, then G has a connected [a, b]-factor.
This result is sharp in the sense that there exists a connected K1,n-free graph which has an [a, b]-factor but no
connected [a, b]-factor for ba(n − 2) + 1.
Therefore we consider a similar problem for ba(n − 2) + 1, and obtain the following result.
Theorem 1. Let n, a, b be integers with n3, a1, and aba(n− 2)+ 1, and G be a connected K1,n-free graph.
If G contains an [a, b]-factor, then G has a connected [a, b + n − b/a]-factor.
This result is sharp in the sense that there exists a connected K1,n-free graph which has an [a, b]-factor but no
connected [a, b + n − b/a − 1]-factor for ba(n − 2) + 1. We will show this in Section 3.
2. Proof of Theorem 1
First, we show Lemma 2 which is also shown in [2].
Lemma 2 (Tokuda [2]). Let a and k be positive integers, G be a graph, and v be a vertex of G. Suppose there exists
a subset S = {v1, v2, . . . , vak+1} of NG(v) such that (〈S〉G)k and degG(vi)a for 1 iak + 1. Then there exist
two vertices of S such that the vertices are adjacent and the degree of one vertex is at least a + 1 in G.
Proof of Lemma 2. Since a1 and k1, |S| = ak + 12. We assume that there exists no pair u1 and u2 ∈ S such
that u1u2 ∈ E(G) and degG(u1)a + 1. Then |N〈S〉G(u)|a − 1 and |N〈S〉G(u) ∪ {u}|a for all u ∈ S. Hence
(〈S〉G)|S|/a = (ak + 1)/a = k + 1, a contradiction. 
Proof of Theorem 1. LetG, a, b, and n be as in Theorem 1.We chooseF be an [a, b]-factor ofGwith(F )maximum.
Let C1, C2, . . . , Cm be the components of F, and we denote V1 = V (C1), V2 = V (C2), . . . , Vm = V (Cm). Then V (G)
is the disjoint union V1 ∪ V2 ∪ · · · ∪ Vm. Here we deﬁne some terminology and notation.
Let S be a subgraph of G. We denote by (S;V1, V2, . . . , Vm) the graph which is obtained from S by contracting
each vertex set Vi with Vi ∩ V (S) 	= ∅ into a vertex vVi for i = 1, 2, . . . , m and removing loops which result from the
contraction procedure.
A subgraph T of G is called an ([a, b];V1, V2, . . . , Vm)-factor tree of G if the following statements hold:
(1) V (T ) is the disjoint union V (T )1 ∪ V (T )2 ∪ · · · ∪ V (T )k for some k such that V (T )i ∈ {V1, V2, . . . , Vm} for 1 ik,
(2) for 1 ik, 〈V (T )i 〉T is connected,
(3) for 1 ik, adeg〈V (T )i 〉T (u)b for all u ∈ V
(T )
i , and
(4) (T ;V1, V2, . . . , Vm) is a tree.
Let T([a, b];V1, V2, . . . , Vm) be the set of all ([a, b];V1, V2, . . . , Vm)-factor trees T of G such that V1 ⊂ V (T ),
degT (xT )b + n − b/a + 1 for one vertex xT ∈ V (T ), and degT (u)b + n − b/a for all u ∈ V (T )\{xT }.
It is easy to see thatT([a, b];V1, V2, . . . , Vm) 	= ∅. (For example, T = C1 ∈ T([a, b];V1, V2, . . . , Vm).) For each
T ∈T([a, b];V1, V2, . . . , Vm), we denote by VT the one of {V1, V2, . . . , Vm} with xT ∈ VT , and deﬁne the following:
dist(T ) =
⎧⎪⎪⎨
⎪⎪⎩
d(T ;V1,V2,...,Vm)(vV1 , vVT ) if degT (xT ) = b + n −
⌈
b
a
⌉
+ 1,
∞ if degT (xT )b + n −
⌈
b
a
⌉
.
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Here we choose T0 ∈T([a, b];V1, V2, . . . , Vm) such that
(1) |V (T0)| is as large as possible,
(2) |E(T0)| is as small as possible, subject to (1),
(3) dist(T0) is as large as possible, subject to (2), and
(4) deg〈VT0 〉T0 (xT0) is as large as possible, subject to (3).
For convenience, we deﬁne that x = xT0 , C = 〈VT0〉T0 ,T =T([a, b];V1, V2, . . . , Vm), NT0\C(u) = NT0(u)\NC(u)
for u ∈ V (C), and call [a, b]-factor tree instead of ([a, b];V1, V2, . . . , Vm)-factor tree.
Here, since (T0;V1, V2, . . . , Vm) is a tree (of course, the tree has no multiple edges), we can easily show the
following remark.
Remark 3. Let v and u be vertices with v ∈ V (C) and u ∈ NC(v). Then the following statements hold.
(1) No pair of the vertices in NT0\C(v) are adjacent in T0.
(2) Each vertex in V (C)\{v} is not adjacent to any vertex of NT0\C(v) in T0.
(3) Each vertex in NT0\C(v) is not adjacent to any vertex of NT0\C(u) in T0.
We assume that G has no connected [a, b + n − b/a]-factor. Then the following claim holds.
Claim 4. dist(T0)<∞, that is, degT0(x) = b + n − b/a + 1.
Proof of Claim 4. We assume that degT0(x)b+n−b/a. If V (T0)=V (G), T0 is a connected [a, b+n−b/a]-
factor in G, a contradiction. Hence we may assume that V (T0) 	= V (G). Since G is connected, let C′ be a component
of F such that C′ /⊂ T0 and EG(C′, T0) 	= ∅, and e be an edge such that e ∈ EG(C′, T0). Then we can choose
T ′ = T0 ∪ C′ + e ∈T with |V (T ′)|> |V (T0)|, a contradiction to the deﬁnition of T0. Hence the claim holds. 
Let P be a shortest path from 〈V1〉T0 to C in T0. When V (C) = V1, we deﬁne P to be the trivial path (x). Then the
following claim holds.
Claim 5.
∑
z∈V (C) |NT0\C(z) ∩ V (P )|1.
Proof of Claim 5. By Remark 3(2), we assume that there exist u, v ∈ V (C) and u′, v′ ∈ NT0\C(C)∩V (P )with vv′ ∈
E(P ), uu′ /∈E(P ) and uu′ ∈ E(T0). Let P0 be the path from 〈V1〉T0 to u′ in P. Then we can choose P ′ =P0 ∪{u}+uu′
which is the path from 〈V1〉T0 to C with |V (P ′)|< |V (P )|. This is a contradiction to the deﬁnition of P. 
We note that dist(T0) is the length of (P ;V1, V2, . . . , Vm).
Here we deﬁne N∗T0\C(u) = NT0\C(u)\V (P ) for u ∈ V (C) for convenience. And we have the following claim.
Claim 6. N∗T0\C(x) is an independent set of G, and |N∗T0\C(x)|n − 1.
Proof of Claim 6. We assume that there exist x′, x′′ ∈ N∗T0\C(x) with x′x′′ ∈ E(G). By Remark 3(1), we have
x′x′′ /∈E(T0). Then we can choose T ′ = T0 − xx′ + x′x′′ ∈T with xT ′ = x′′ and dist(T ′)> dist(T0), a contradiction
to the deﬁnition of T0. Hence N∗T0\C(x) is an independent set of G. And |N∗T0\C(x)|n − 1 since G is K1,n-free. 
And we have the following claims.
Claim 7. degC(x)a + 1.
Proof of Claim 7. We assume that degC(x)= a. If |NT0\C(x)∩ V (P )| = 0, then |N∗T0\C(x)| = |NT0\C(x)| = b + n−b/a+1−a=b−a−(b−a)/a+nn, a contradiction toClaim6.Hence |NT0\C(x)∩V (P )|=1and |N∗T0\C(x)|=n−1.
Let y ∈ NC(x). Then NT0\C(y) ∩ V (P ) = ∅ by Claim 5. By Claim 6 and the fact that G is K1,n-free, there exists
T. Tokuda /Discrete Mathematics 306 (2006) 2806–2810 2809
x′ ∈ N∗T0\C(x) with x′y ∈ E(G). By Remark 3(2), we have x′y /∈E(T0). If degT0(y)< b + n − b/a, we can choose
T ′=T0−xx′+x′y ∈Twithdist(T ′)=∞> dist(T0), a contradiction.HencedegT0(y)=b+n−b/a. If degC(y)a+1,
then we can choose T ′ =T0 −xx′ +x′y ∈Twith xT ′ =y and deg〈VT ′ 〉T ′ (xT ′)> deg〈VT0 〉T0 (xT0), a contradiction to the
deﬁnition of T0. Hence degC(y)=a. Then we have |N∗T0\C(y)∪{x′}|= |NT0\C(y)∪{x′}|=b+n−b/a−a+1n.
Since G is K1,n-free, there exist y′, y′′ ∈ N∗T0\C(y) ∪ {x′} with y′y′′ ∈ E(G). By Remark 3(1) and (3), we have
y′y′′ /∈E(T0). Then we can choose T ′ = T0 − xx′ + x′y − yy′ + y′y′′ ∈ T with xT ′ = y′′ and dist(T ′)> dist(T0),
a contradiction. Hence we have degC(x) 	= a, that is, degC(x)a + 1. 
Claim 8. degC(y) = a and x′y /∈E(G) for any y ∈ NC(x)\V (P ) and x′ ∈ N∗T0\C(x).
Proof of Claim 8. Let y ∈ NC(x)\V (P ). Then NT0\C(y) ∩ V (P ) = ∅. And we assume that degC(y)a + 1. Then
adegC−xy(u)b for all u ∈ V (C). Here we note that 〈V (C)〉F is a component of F. If C − xy is not connected,
then we can choose F ′ = (F\V (C)) ∪ (C − xy) which is an [a, b]-factor of G with (F ′)>(F ), a contradiction
to the deﬁnition of F. Hence C − xy is connected. Then we can choose T ′ = T0 − xy ∈ T with |E(T ′)|< |E(T )|,
a contradiction to the deﬁnition of T0. Hence we have degC(y) = a.
We assume that there exists x′ ∈ N∗T0\C(x) with x′y ∈ E(G). By Remark 3(2), x′y /∈E(T0). If degT0(y)< b +
n − b/a, then we can choose T ′ = T0 − xx′ + x′y ∈ T with dist(T ′) = ∞> dist(T0), a contradiction. Hence
degT0(y) = b + n − b/a. Then |N∗T0\C(y) ∪ {x′}| = |NT0\C(y) ∪ {x′}| = b + n − b/a − a + 1n. Since G is
K1,n-free, there exist y′, y′′ ∈ NT0\C(y)∪{x′}with y′y′′ ∈ E(G). And y′y′′ /∈E(T0) byRemark 3(1) and (3). Therefore,
we can choose T ′ = T0 − xx′ + x′y − yy′ + y′y′′ ∈T with xT ′ = y′′ and dist(T ′)> dist(T0), a contradiction. Hence
the claim holds. 
Here, let h, i be non-negative integers with ah+ 1ba(h+ 1) and degC(x)= b − i. Then |NT0\C(x)| = b + n−b/a+ 1− (b− i)= n− (h+ 1)+ 1+ i = n−h+ i. And we denote = |NT0\C(x)∩V (P )|. Then = 0 or 1. And if
= 1, then NT0\C(v) ∩ V (P ) = ∅ for any vertex v ∈ NC(x). If there exists y0 ∈ NC(x) with NT0\C(y0) ∩ V (P ) 	= ∅,
then = 0. Then we have the following claims.
Claim 9. (〈N∗T0\C(x)〉G) = n − h + i − .
Proof of Claim 9. By Claim 6, (〈N∗T0\C(x)〉G) = |N∗T0\C(x)| = n − h + i − . 
Claim 10. (〈NC(x)\V (P )〉G)h − i + .
Proof of Claim 10. We assume that there exist y1, y2 ∈ NC(x)\V (P ) with y1y2 ∈ E(G) and y1y2 /∈E(C).
By Claim 8, degC(y1) = degC(y2) = a. And NT0\C(y1)\V (P ) = NT0\C(y2)\V (P ) = ∅ since y1, y2 ∈ NC(x)\V (P ).
If degT0(y1)< b+n−b/a, we can choose T ′ =T0 −xy2 +y1y2 ∈Twith dist(T ′)=∞> dist(T0), a contradiction.
Hence degT0(y1) = b + n − b/a. Similarly degT0(y2) = b + n − b/a. Then |N∗T0\C(y1) ∪ {y2}| = |NT0\C(y1) ∪{y2}| = b + n− b/a − a + 1n. For any y′1, y′′1 ∈ NT0\C(y1)∪ {y2}, y′1y′′1 /∈E(T0) by Remark 3(1) and (2). If there
exist y′1, y′′1 ∈ N∗T0\C(y1) with y′1y′′1 ∈ E(G), then we can choose T ′ = T0 − xy2 + y1y2 − y1y′1 + y′1y′′1 ∈ T with
xT ′ = y′′1 and dist(T ′)> dist(T0), a contradiction. Hence NT0\C(y1) is an independent set of G. Since G is K1,n-free,
there exists y′1 ∈ NT0\C(y1)with y′1y2 ∈ E(G). By Remark 3(2), y′1y2 /∈E(T0). And |N∗T0\C(y2)∪{y′1}|=|NT0\C(y2)∪{y′1}| = b + n− b/a − a + 1n. Since G is K1,n-free, there exist y′2, y′′2 ∈ N∗T0\C(y2)∪ {y′1} with y′2y′′2 ∈ E(G). By
Remark 3(1) and (3), y′2y′′2 /∈E(T0). Then we can choose T ′ =T0 −xy2 +y1y2 −y1y′1 +y′1y2 −y2y′2 +y′2y′′2 ∈Twith
xT ′ = y′′2 and dist(T ′)> dist(T0), a contradiction. Hence there exists no pair y1, y2 ∈ NC(x)\V (P ) with y1y2 ∈ E(G)
and y1y2 /∈E(T0) which implies 〈NC(x)\V (P )〉C = 〈NC(x)\V (P )〉G.
Here we note that |NC(x)\V (P )|=b− i −1+ ah+1− i −1+ a(h− i)− (1− )+1a(h− i −1+ )+1.
We assume that (〈NC(x)\V (P )〉G)h − i − 1 + . Then, by using Lemma 2 in C, there exists y′ ∈ NC(x)\V (P )
with degC(y′)a + 1, a contradiction to Claim 8. Hence (〈NC(x)\V (P )〉G)h − i + . 
By Claim 8, (〈NT0(x)〉G)(〈NT0(x)\V (P )〉G)(〈N∗T0\C(x)〉G)+ (〈NC(x)\V (P )〉G). Then, by Claims 9 and
10, (〈NT0(x)〉G)n. This is a contradiction since G is K1,n-free.
Hence it is not true that G has no connected [a, b + n − b/a]-factor. This proves the theorem. 
2810 T. Tokuda /Discrete Mathematics 306 (2006) 2806–2810
Fig. 1. Connected K1,n-free graph which has an [a, b]-factor but no connected [a, b + n − b/a − 1]-factor for i = 1, 2, . . . , n − 2 and b = ai.
3. Remark
Remark 11. There exists a connectedK1,n-free graphwhich has an [a, b]-factor but no connected [a, b+n−b/a−1]-
factor for i = 1, 2, . . . , n − 2 and b = ai.
Let a1, n3, 1 in − 2, and k3 be integers. For a vertex v, let Av be a graph joining the vertex v and all
vertices in the union of i disjoint copies of complete graphKa , that is,Av={v}+iKa . For a vertex v and 1jn−i−2,
let B(j)v be a copy of complete graph Ka+1, v(j) be one vertex in B(j)v . For a vertex v, let Fv be a vertex-disjoint union
Av ∪⋃n−i−2j=1 B(j)v , andHv be Fv adding the edges⋃n−i−2j=1 vv(j). We take k vertices {v1, v2, . . . , vk} and deﬁne a graph
G to be obtained from the vertex-disjoint unionHv1 ∪Hv2 ∪· · ·∪Hvk such that the subgraph induced by {v1, v2, . . . , vk}
is complete. For k = 3, we show such graph in Fig. 1.
Then G is a connected K1,n-free graph and F = Fv1 ∪ Fv2 ∪ · · · ∪ Fvk is an [a, b]-factor for b = ai. Here, for any
edge e ∈ E(F), G− e has no [a, b]-factor since the minimum degree of G− e is a − 1. Hence, in G, every factor with
minimum degree at least a must contain F. Let K be the complete subgraph induced by v1, v2, . . . , vk . Then, to make
a connected factor from F, all of the edges
⋃k
h=1
⋃n−i−2
j=1 vhv
(j)
h and at least k − 1 of the edges E(K) must be used.
For example, F +⋃kh=1⋃n−i−2j=1 vhv(j)h +⋃k−1h=1 vhvh+1 is one of the connected factors of G and its maximum degree
is ai + (n − i − 2) + 2 = b + n − b/a. Hence G has an [a, b]-factor but no connected [a, b + n − b/a − 1]-factor
for i = 1, 2, . . . , n − 2 and b = ai.
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